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Abstract: We study a static massless minimally coupled scalar field created by a source
in a static D-dimensional spacetime. We demonstrate that the corresponding equation
for this field is invariant under a special transformation of the background metric. This
transformation consists of the static conformal transformation of the spatial part of the
metric accompanied by a properly chosen transformation of the red-shift factor. Both
transformations are determined by one function Ω of the spatial coordinates. We show
that in a case of higher dimensional spherically symmetric black holes one can find such a
bi-conformal transformation that the symmetry of the D-dimensional metric is enhanced
after its application. Namely, the metric becomes a direct sum of the metric on a unit
sphere and the metric of 2D anti-de Sitter space. The method of the heat kernels is used to
find the Green function in this new space, which allows one, after dimensional reduction,
to obtain a static Green function in the original space of the static black hole. The general
useful representation of static Green functions is obtained in the Schwarzschild-Tangherlini
spacetimes of arbitrary dimension. The exact explicit expressions for the static Green
functions are obtained in such metrics for D < 6. It is shown that in the four dimensional
case the corresponding Green function coincides with the Copson solution.
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1 Introduction
The problem of finding the field, the self-energy, and the self-force of charged particles
near black holes has been attracting attention for more than 40 years [1–4], though the
exact solution for the field of a point electric charge in the Schwarzschild geometry was first
obtained much earlier [5]. Recent interest in the problem of the self-force is stimulated by a
study of the back-reaction of the field on a particle moving near a black hole in connection
with the gravitational wave emission by such particles. At the same time, even if a charged
particle is at rest, the study of the self-force might be quite interesting in connection
with different gedanken experiments with black holes. More recently, several publications
discussed higher-dimensional aspects of this problem. This study was stimulated by general
interest to spacetimes and brane models with large extra dimensions.
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In this paper we study the following problem: suppose a static charged particle, sup-
ported by some external force, is at rest close to a static black hole. We would like to know
the field created by this charge. For simplicity we assume that a particle has a scalar charge
which is the origin of a (minimally coupled) massless scalar field. Such a problem reduces
to finding solutions of a special type of elliptic equation satisfying the regularity condition
at the horizon and decreasing at infinity. A standard method is to expand a solution into
modes obtained by proper separation of variables. However, using the corresponding series
representation of the solution, for example, for the calculation of the self force, requires a
lot of work which includes mode-by-mode subtraction of the divergences and summation
of the obtained series (see e.g. [6]). In some special cases it is possible to use analytical
approximations. For example, when a particle is close to the horizon one can find its
field in a local domain in its vicinity by using the Rindler approximation (see, e.g., [7]).
However in such an approximation the size of the domain must be much smaller than the
gravitational radius and this approximation does not allows one to get information about
a global structure of the field and its dependence on the topology of the horizon.
Fortunately, there are known interesting examples when the problem can be solved
exactly and analytically. The best known example is a case of an electric charge near
four-dimensional Schwarzschild black hole. This exact solution was obtained by Copson [5]
and corrected by Linet [8] who demonstrated that an additional properly chosen zero-
mode solution must be added to the Copson expression in order to guarantee that the
black hole is kept uncharged. The generalization of this solution to the case of a scalar
charge was found in [9]. Further generalizations to the Reissner-Nordstro¨m and Kerr black
holes can be found in [3, 4, 10]. Exact higher-dimensional solutions for a field of a static
point charge near extremely charged black holes (or a set of such black holes) described by
Majumdar-Papapetrou metrics were found in [11].
In this paper we propose a method which allows one to obtain solutions for the field
of a charge in a variety of new interesting higher-dimensional black hole metrics. We shall
describe this method in detail in the next section, but it might be useful to explain it
without entering into details just now. We restrict here ourselves by a simplest case of a
static point charge of a massless scalar field Φ in a D-dimensional static spacetime. Let us
write the metric in the form (a, b = 1, . . . , D − 1)
ds2 = −α2dt2 + gabdxadxb , ∂tα = 0 , ∂tgab = 0 . (1.1)
We consider a static scalar field Φ created by a static source J in such a space. Let us
write schematically the corresponding equation in the form
Fˆ Φ = −4piJ , (1.2)
where Fˆ = Fˆ[g,α] is a corresponding second order operator with coefficients depending on
the (D−1)-dimensional metric gab and the red-shift factor α. We shall show that the form
of this equation remains the same under rescaling
gab = Ω
2g¯ab , α = Ω
kαα¯ , J = ΩkJ J¯ , (1.3)
where Ω is a function of spatial coordinates xa and kα and kJ are properly chosen constants.
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Such a transformation is a special case of so-called bi-conformal transformations [12,
13]. In our case this is a usual conformal transformation of the (D − 1)-dimensional
metric gab accompanied by a properly chosen rescaling of the red-shift factor α. One
can naturally interpret α as a (D − 1)-dimensional dilaton field. Let us notice that the
transformation (1.3) ‘maps’ the D-dimensional metric to another one, which in a general
case is not a solution of the Einstein equations. However in special cases within this
family of metrics, parametrized by a function Ω, there may exist a metric which possesses
an enhanced symmetry. This symmetry may make it possible to obtain the exact Green
function in this new D-dimensional spacetime and to solve the problem (1.2). In this paper
we demonstrate how this method works for a static Green function in the Schwarzschild-
Tangherlini black-hole spacetimes and discuss its possible generalizations.
2 Bi-conformal symmetry
2.1 Static Green function
The action for the minimal scalar field Φ(X) is
I = − 1
8pi
∫
dX
√
−gD Φ;µΦ;µ +
∫
dX
√
−gD JΦ . (2.1)
Here J(X) is a scalar charge density and
√−gD is the square root of the determinant of
the D-dimensional metric gDµν . The scalar field obeys the equation
Φ = −4piJ , (2.2)
where  is the standard covariant D-dimensional D’Alembertian. The solution of this
equation can be written in terms of the retarded Green function GRet(X,X ′)
Φ(X) = 4pi
∫
dX ′
√
−gD(X ′)GRet(X,X ′)J(X ′) . (2.3)
The retarded Green function satisfies the equation
GRet(X,X ′) = −δ(X,X ′) = −δ(X −X
′)√−gD . (2.4)
Let us assume that the spacetime is static with the metric (1.1), so that X = (t, xa) and
δ(X,X ′) = −δ(t− t
′)δ(x− x′)
α(x′)
√
g(x′)
. (2.5)
The equation (2.2) for a static field Φ created by a static source J takes the form (1.2) with
Fˆ =
1
α
√
g
∂a
(
α
√
ggab∂b
)
. (2.6)
A solution of this equation can be written in the form
Φ(x) = 4pi
∫
dx′α(x′)
√
g(x′)G(x, x′)J(x′), (2.7)
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where G(x, x′) is a static Green function. The latter is a solution of the equation
Fˆ G(x, x′) = −δ(x− x
′)
α
√
g
. (2.8)
The current of a static point charge q located at the point y reads
J(x) = q
δ(x− y)√
g
. (2.9)
The scalar field at the point x created by this charge is
Φ(x) = 4piq α(y)G(x, y) . (2.10)
The D-dimensional Green function GRet(X,X ′) in a static spacetime depends on t− t′ and
a static Green function can be written as the time integral
G(x, x′) =
∫ ∞
−∞
dtGRet(t, x; 0, x′) . (2.11)
2.2 Bi-conformal transformation of higher-dimensional static spherically sym-
metric spacetimes and symmetry enhancement
Now let us consider a bi-conformal transformation (1.3) of the static metric (1.1). It is
easy to check that the equation (1.2) preserves its form under this transformation provided
kα = −(D − 3) , kJ = 2 . (2.12)
This bi-conformal invariance of the static field equation was used earlier for calculations
of a self-energy and a self-force of charges in various gravitational backgrounds [7, 11, 14–
17]. This symmetry enables one to relate static Green functions for the fields in different
spacetimes, for example, in the geometry of a set of extremely charged black holes (the
Majumdar-Papapetrou spacetime) and in the flat Minkowski spacetime.
We focus now on a special class of metrics, namely static spherically symmetric metrics
of the form (n = D − 3)
ds2 = −f(r) dt2 + f−1(r) dr2 + r2 dω2n+1 , f = 1−
2M
rn
+
Q2
r2n
, (2.13)
where dω2n+1 is the line element on the (n + 1)-dimensional unit sphere. This is a metric
of a charged D-dimensional black hole.
Let us make the bi-conformal transformation of this metric by using the conformal
function
Ω = r/a , (2.14)
where a is an arbitrary constant of a dimension of length. The transformed metric takes
the form of a direct sum of two metrics
ds¯2 = dh2 + a2 dω2n+1 , dh
2 = −
(
r
a
)2n
f(r) dt2 +
a2
r2f(r)
dr2 . (2.15)
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It is easy to check that Ricci scalar R¯ for the 2D metric dh2 is constant
R¯ = −2n2/a2 . (2.16)
This means that this 2D space is homogeneous. In fact this is a 2D anti-de Sitter metric.
The symmetry R1× SO(n+ 2) of original spacetime after the bi-conformal transformation
is enhanced and becomes SO(1, 2)× SO(n+ 2).
In this paper we shall demonstrate how to use this enhanced symmetry in order to
obtain a static Green in the Schwarzschild-Tangherlini metric describing a neutral static
higher-dimensional black hole. The method does work for a case of higher-dimensional
charged black holes as well, but the required calculations are more complicated and we
discuss this case in another paper.
3 Scalar charges near static vacuum black hole
3.1 Schwarzschild-Tangherlini metric
The Schwarzschild-Tangherlini metric is a special case of (2.13) with Q = 0. It can be
written as follows
ds2 = −f dt2 + f−1 dr2 + r2 dω2n+1 ,
f = 1−
(
rg
r
)n
, rg = (2M)
1/n , n = D − 3 .
(3.1)
Here rg is the gravitational radius. The line element on the (n+1)-dimensional unit sphere
dω2n+1 is defined by the following recursive relations
dω2n+1 = dθ
2
n + sin
2 θn dω
2
n , dω
2
0 = dφ
2 . (3.2)
We denoted θ0 ≡ φ ∈ [0, 2pi]. All other coordinates θi>0 ∈ [0, pi].
The static Green function in the Schwarzschild-Tangherlini spacetime (3.1) satis-
fies (2.8) with α =
√
f . It is the solution of the equation
4G(x, x′) = −δ(r − r
′)δn+1(ω, ω′)
rn+1
, 4 = 1
rn+1
(
∂r r
n+1f ∂r
)
+
1
r2
4n+1ω . (3.3)
Here 4n+1ω and δ(ω, ω′) are the Laplace operator and a covariant delta-function on the unit
(n+ 1)-dimensional sphere, respectively,
4n+1ω = ∂2θn + n
cos θn
sin θn
∂θn +
1
sin2 θn
4nω , 41ω = ∂2φ ,
δn+1(ω, ω′) =
δ(θn − θ′n)
sinn θn
δn(ω, ω′) , δ1(ω, ω′) = δ(φ− φ′) .
(3.4)
It is convenient to introduce a new radial variable ρ related to the Schwarzschild radial
coordinate r as follows
r
rg
=
(
ρ+ 1
2
)1/n
, ρ = 2
rn
rng
− 1 . (3.5)
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The Tangherlini metric takes the form
ds2 = −ρ− 1
ρ+ 1
dt2 + r2g
(
ρ+ 1
2
)2/n [ 1
n2(ρ2 − 1) dρ
2 + dω2n+1
]
. (3.6)
Using relations
δ(r − r′)
rn−1
=
2n
rng
δ(ρ− ρ′) , ∂r = 2n
rg
(
ρ+ 1
2
)(n−1)/n
∂ρ , (3.7)
one can show that the equation (3.3) for the static Green function takes the form[
n2(ρ2 − 1) ∂2ρ + 2n2ρ ∂ρ +4n+1ω
]
G(x, x′) = −2n
rng
δ(ρ− ρ′)δn+1(ω, ω′) . (3.8)
The scalar field Φ(x) of a point charge q located at y is given by (2.10).
3.2 Boundary conditions
The horizon, where ρ = 1, is a singular point of the equation (3.8). In order to specify
uniquely a solution of this equation one needs, besides a natural fall off condition at infinity
a specially chosen boundary condition at ρ = 1. This condition follows from the require-
ment that the field be regular at the horizon in regular coordinates that cover it. Let us
discuss this point in more detail.
In a physical set up, our problem can be formulated as follows. Let a spherically
symmetric black hole be formed by a collapse of a spherical object. The metric outside this
object is always (before and after black hole formation) described by the Schwarzschild-
Tangherlini solution. We assume that before and after the collapse there are no free waves
of the scalar field. The form of the solution (2.11) reflects this. Let us consider now a static
charge in the spacetime of the eternal black hole with the same parameters. The late time
solution for the field Φ is the same in both cases (an eternal black hole and a black hole
created by collapse). Thus, one can start with a solution Φ for a static source J placed near
the eternal black hole. By causality, this solution is defined only outside the past horizon
H−. Beyond this surface it can have an arbitrary continuation. However, in order to avoid
a singularity on H−, one needs to assume a special continuity property of Φ. This problem
and the how to deal with it was discussed in [4, 18, 19]. Because the source J is static,
there is no radiation and, hence, radiation reaction terms and the field Φ in the black hole
exterior remain the same. The natural way is to consider a time-symmetric part [20] of
GRet. In particular, the value of the field on the horizons H±, which are functions of the
angular variables, are the same and coincide with the value of the field on the bifurcation
surface of the horizons. As the result, one can analytically continue the static field Φ to
the whole spacetime of the eternal black hole. After a Wick rotation, the static field Φ is
regular at the Euclidean horizon. This property can be used to obtain the proper boundary
conditions for a static equation (3.8) at its singular point ρ = 1.
Let us make the Wick rotation t = itE in the metric (3.6) and consider the vicinity of
the Euclidean horizon. Let us write ρ in the form
ρ = 1 +
n2
2r2g
`2 + . . . . (3.9)
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` = 0 is a position of the horizon and ` is a proper length distance from it. Here (. . .) denotes
terms of higher order in `2. The Euclidean version of the metric (3.6) takes the form
ds2E ≈
n2
4r2g
`2dt2E + d`
2 + r2gdω
2
n+1 . (3.10)
The regularity of the Euclidean horizon requires that the coordinate tE be periodic with
the period
β =
2pi
κ
=
4pirg
n
, (3.11)
where κ is the surface gravity,
κ =
n
2rg
. (3.12)
The operator Fˆ near the horizon is
Fˆ ≈
(
∂2` +
1
`
∂`
)
+
1
r2g
4n+1ω . (3.13)
Let us write a solution of the equation
FˆΦ = 0 (3.14)
near the horizon in the form
Φ = f0 + f1`+ f2`
2 + . . . , (3.15)
where fi are functions on a unit sphere. Then (3.14) implies
f1 = 0 , f2 = − 1
4r2g
4n+1ω f0 . (3.16)
This means that Φ is a regular function near the Euclidean horizon. This is a proper
boundary condition for Φ near ρ = 1.
For any solution of (3.8) one can always add a solution of a homogeneous equation
with the same operator. This arbitrariness is related to the zero-modes contribution to the
Green function. These extra zero-mode terms in the Green function have to be symmetric
in x and x′ and regular outside the horizon. In our case of the (3.8) they are characterized
by two arbitrary constants C1 and C2
C1 ln
(
ρ− 1
ρ+ 1
)
ln
(
ρ′ − 1
ρ′ + 1
)
+ C2
[
ln
(
ρ− 1
ρ+ 1
)
+ ln
(
ρ′ − 1
ρ′ + 1
)]
. (3.17)
Using these terms one can adjust the solution for the scalar field to make it regular on the
horizon and satisfy proper boundary conditions at infinity.
Let us notice that if one makes a bi-conformal transformation with Ω regular on the
horizon Ω = Ω0 + Ω2`
2 + . . ., then the surface gravity κ changes as follows κ¯ = Ωn+10 κ.
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4 Scalar charges in the Bertotti-Robinson spacetime
Let us make a bi-conformal transformation of the Tangherlini metric
gab = Ω
2g¯ab , α = Ω
−nα¯ , (4.1)
by choosing the conformal factor (2.14) with a = rg
Ω =
r
rg
=
(
ρ+ 1
2
)1/n
. (4.2)
Notice that at the horizon Ω = 1 so that this transformation does not modify the surface
gravity (3.12). The Tangherlini metric (3.6) transforms to
ds¯2 =
(
rg
n
)2 [−κ2(ρ2 − 1) dt2 + (ρ2 − 1)−1 dρ2]+ r2g dω2n+1 . (4.3)
Its Euclidean version is the metric on H2 × Sn+1 and has the form
ds¯2E =
(
rg
n
)2 [
κ2(ρ2 − 1) dt2E + (ρ2 − 1)−1 dρ2
]
+ r2g dω
2
n+1 . (4.4)
Let us notice that the metric (4.3) is a special case of the Bertotti-Robinson metric
ds2 = b2 dH2 + a2 dω2n+1 (4.5)
with b = rg/n and a = rg. Here
dH2 = −(ρ2 − 1) dσ¯2 + (ρ2 − 1)−1 dρ2 (4.6)
is the metric of the two-dimensional AdS spacetime of a unit curvature radius. The coor-
dinate σ¯ is related to the Schwarzschild time as follows σ¯ = κt.
After the Wick rotation σ¯ = iσ this metric takes the form
dH2E = (ρ
2 − 1) dσ2 + (ρ2 − 1)−1 dρ2 . (4.7)
It is regular at the Euclidean horizon ρ = 1 provided σ is periodic with the period 2pi.
The scalar curvatures of the sphere Sn+1 of the radius a and of the hyperboloid H2 of the
radius b are
RSn+1 =
n(n+ 1)
a2
, RH2 = −
2
b2
. (4.8)
Denote by G the Euclidean Green function of the operator ¯E defined on the Euclidean
Bertotti-Robinson metric (4.4). It is the solution of the equation
¯EG(XE, X ′E) = −δ(XE, X ′E) , (4.9)
decreasing at infinity and regular at the Euclidean horizon ρ = 1. We define the static
Green function GBR(x, x′) as
GBR(x, x′) =
∫ β
0
dtEG(tE, x; 0, x′) . (4.10)
– 8 –
J
H
E
P
0
4
(
2
0
1
5
)
0
1
4
Then the static Green function of the minimally coupled massless scalar field on the
Bertotti-Robinson spacetime can be calculated as the integral of the Euclidean Green
function of the scalar field in the Bertotti-Robinson spacetime. It is regular at the horizon,
decreases at infinity, and satisfies the equation[
n2(ρ2 − 1) ∂2ρ + 2n2ρ ∂ρ +4n+1ω
]
GBR(x, x′) = −2n
rng
δ(ρ− ρ′)δn+1(ω, ω′) , (4.11)
which coincides identically with the equation (3.8) for the static Green function on the
Schwarzschild-Tangherlini background. This means that
GBR(x, x′) = G(x, x′) , (4.12)
where G(x, x′) is the static Green function for the original Schwarzschild-Tangherlini
spacetime.
5 Green functions and heat kernels
5.1 General relations
We demonstrated that the static Green function in the Schwarzschild-Tangherlini space-
time can be found as soon as the corresponding Green function for the Bertotti-Robinson
geometry is known. For this purpose it is convenient to use the heat kernel technique.
Namely, the Euclidean Green function for the operator E is
G(XE, X ′E) =
∫ ∞
0
dsK(s|XE, X ′E) . (5.1)
Here the heat kernel K(s|XE, X ′E) is the solution of the problem
(∂s −E)K(s|XE, X ′E) = 0 , K(0|XE, X ′E) = δ(XE, X ′E) , (5.2)
which satisfies the same boundary conditions with respect to its arguments XE and X
′
E as
the Green function in question.
The Bertotti-Robinson metric (4.7) is the direct sum of two geometries H2 and Sn+1.
This implies that the heat kernel K is the product of the heat kernels KH2 and KSn+1 on the
hyperboloid H2 and on the sphere Sn+1, correspondingly. Both spaces are homogeneous
and isotropic and the corresponding heat kernels are known explicitly [21].
5.2 Heat kernel on H2
The heat kernel on H2 of the radius b
dH2E = b
2
[
(ρ2 − 1) dσ2 + (ρ2 − 1)−1 dρ2] (5.3)
reads [21]
KH2(s|χ) =
√
2b
(4pis)3/2
e−s/(4b
2)
∫ ∞
χ
dy
y e−b2y2/(4s)
(cosh y − cosh(χ))1/2 . (5.4)
Here χ is the geodesic distance between two points on the H2 of the unit radius b = 1. It
can be found from the relation
cosh(χ) = ρρ′ −
√
ρ2 − 1
√
ρ′2 − 1 cos(σ − σ′) . (5.5)
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5.3 Heat kernel on Sn+1
The heat kernel on S2 of the radius a reads [21]
KS2(s|γ) =
√
2a
(4pis)3/2
es/(4a
2)
∞∑
k=−∞
(−1)k
∫ pi
γ
dφ
(φ+ 2pik) e−a2(φ+2pik)2/(4s)
(cos γ − cosφ)1/2 . (5.6)
Another equivalent representation of this kernel is
KS2(s|γ) =
1
4pia2
∞∑
l=0
(2l + 1)Pl(cos γ) e
− sl(l+1)
a2 . (5.7)
Here γ is the geodesic distance between two points on the unit S2 (a = 1)
cos γ = cos(θ1) cos(θ
′
1) + sin(θ1) sin(θ
′
1) cos(φ− φ′) . (5.8)
The heat kernel on S3 of the radius a reads [21]
KS3(s|γ) =
1
(4pis)3/2
es/a
2
∞∑
k=−∞
(γ + 2pik) e−a2(γ+2pik)2/(4s)
sin γ
, (5.9)
where γ is the geodesic distance between two points on the unit S3 (a = 1)
cos γ = cos(θ2) cos(θ
′
2)+sin(θ2) sin(θ
′
2)[cos(θ1) cos(θ
′
1)+sin(θ1) sin(θ
′
1) cos(φ−φ′)] . (5.10)
The heat kernels on Sn+1 can be derived from KS2 and KS3using the relations (see [21]
eq. (8.12)–eq. (8.13))
KSn+1(s|γ) = e
(n2−1)s
4a2
(
1
2pia2
∂
∂ cos γ
) (n−1)
2
KS2(s|γ) , n odd , (5.11)
KSn+1(s|γ) = e
(n2−4)s
4a2
(
1
2pia2
∂
∂ cos γ
) (n−2)
2
KS3(s|γ) , n even . (5.12)
6 Results
Combining the results of the previous section together one obtains
K(s|XE, X ′E) = K(s|χ, γ) = KH2(s|χ)×KSn+1(s|γ) . (6.1)
Because of the symmetry of the Euclidean Bertotti-Robinson space the heat kernel K can
be written as the function of only three variables: the proper time s and geodesic distances
χ and γ on the unit hyperboloid and the unit sphere.
In what follows we use the relation b = a/n and identify a with rg. For brevity we put
a = rg only at the end of calculations. One should keep in mind that the cases of spacetimes
of even and odd dimensions differ qualitatively, and should be studied separately.
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6.1 Odd D
For odd D (even n)
K(s|χ, γ) = a
n
(
1
2pia2
∂
∂ cos γ
)(n−2)/2 √2
(4pis)3
1
sin γ
∞∑
k=−∞
(γ + 2pik) e−a
2(γ+2pik)2/(4s)
∫ ∞
χ
dy
y e−a2y2/(4n2s)
(cosh y − coshχ)1/2 .
(6.2)
Equivalently one can write
K(s|χ, γ) = a
n
(
1
2pia2
∂
∂ cos γ
)n/2 √2
(4pis)2
∞∑
k=−∞
e−a
2(γ+2pik)2/(4s)
∫ ∞
χ
dy
y e−a2y2/(4n2s)
(cosh y − coshχ)1/2 .
(6.3)
The Green function is an integral of the heat kernel over s
G(χ, γ) =
∫ ∞
0
dsK(s|χ, γ) . (6.4)
For separated points we can perform this integration first
G(χ, γ) =
1
an
√
2
4pi2
(
1
2pia2
∂
∂ cos γ
)n/2
×
×
∞∑
k=−∞
∫ ∞
χ
dy
y
(cosh y − coshχ)1/2
1[
y2
n2
+ (γ + 2pik)2
] . (6.5)
Summation over k gives
∞∑
k=−∞
1[
y2
n2
+ (γ + 2pik)2
] = n
2y
sinh
( y
2n
)
cosh
( y
2n
)
cosh2
( y
2n
)− cos2 (γ2) = n2y sinh
( y
n
)
cosh
( y
n
)− cos γ . (6.6)
Therefore, the D-dimensional Euclidean Green function on the Bertotti-Robinson space-
time becomes
G(χ, γ) =
√
2
8pi2a
(
1
2pia2
∂
∂ cos γ
)n/2 ∫ ∞
χ
dy
1
(cosh y − coshχ)1/2
sinh(y/n)
cosh(y/n)− cos γ , (6.7)
where χ is given by (5.5).
This is the Euclidean Green function of a massless minimally coupled scalar field on
the background of the Euclidean D-dimensional (odd D) Bertotti-Robinson spacetime.
This Green function can be used, e.g., for the computation of the vacuum mean value of
the stress-energy tensor or 〈Φ2〉 on the higher-dimensional Bertotti-Robinson geometry. In
four dimensions the Green function in closed form was found in [22] and was used for the
calculation of the vacuum mean value of the stress-energy tensor in [23].
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Using the properties (4.10),(4.12) we finally get the static Green function on the odd-
dimensional Schwarzschild-Tangherlini spacetimes
G(x, x′) =
√
2
4pi2n
(
1
2pia2
∂
∂ cos γ
)n/2∫ 2pi
0
dσ
∫ ∞
χ
dy
1
(cosh y − coshχ)1/2
sinh(y/n)
cosh(y/n)− cos γ ,
(6.8)
where x = (ρ, θi), a = rg, and
cosh(χ) = ρρ′ −
√
ρ2 − 1
√
ρ′2 − 1 cosσ , ρ = 2 r
n
rng
− 1 . (6.9)
6.2 Example. D = 5
In five dimensions (n = 2) we have
G(χ, γ) =
√
2
8pi2a
(
1
2pia2
∂
∂ cos γ
)∫ ∞
χ
dy
1√
cosh y − coshχ
sinh(y/2)
cosh(y/2)− cos γ
=
1
(2pia)3
(
∂
∂ cos γ
){
λ
[
arctan
(
λ cos γ
)
+
pi
2
]}
,
(6.10)
where
λ =
(
cosh2
(
χ
2
)
− cos2 γ
)−1/2
. (6.11)
Performing the differentiation, we obtain a closed form for the Euclidean Green function
in the Euclidean Bertotti-Robinson spacetime (4.4)
G(χ, γ) =
1
(2pia)3
{
λ3 cos γ
[
arctan (λ cos γ) +
pi
2
]
− λ2
}
. (6.12)
The static Tangherlini Green function can be written as follows
G(x, x′) = a
∫ 2pi
0
dσG(χ, γ) , a = rg . (6.13)
The result of the integration over the Euclidean time σ can be expressed in terms of elliptic
functions. Using the properties of the elliptic functions presented in the appendix A we
obtain the static Green function in the five-dimensional Bertotti-Robinson spacetime
G(x, x′) =
1
4pi2r2g
1
(ρ2 − 1)1/4(ρ′2 − 1)1/4
(
∂
∂ cos γ
)
κ [F (ψ,κ) +K (κ)] , (6.14)
where
sinψ = cos γ
√
2√
ρρ′ −
√
ρ2 − 1
√
ρ′2 − 1 + 1
,
κ =
√
2 (ρ2 − 1)1/4(ρ′2 − 1)1/4√
ρρ′ +
√
ρ2 − 1
√
ρ′2 − 1 + 1− 2 cos2 γ
.
(6.15)
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In order to rewrite the result in terms of the Schwarzschild radial coordinate r one has to
substitute here
ρ = 2
r2
r2g
− 1 , (6.16)
In the limit when ρ = ρ′ one gets
sinψ = cos γ , κ =
√
ρ2 − 1
ρ2 − cos2 γ . (6.17)
6.3 Even D
In even dimensions (odd n) the heat kernel has the form
K(s|χ, γ) = −4a
2
n
(
1
2pia2
∂
∂ cos γ
)(n+1)/2 1
(4pis)2
∞∑
k=−∞
(−1)k
×
∫ ∞
χ
dy
y e−a2y2/(4n2s)
(cosh y − coshχ)1/2
∫ pi
γ
dφ(cos γ − cosφ)1/2 ∂
∂φ
e−
a2(φ+2pik)2
4s .
(6.18)
The Green function reads
G(χ, γ) = − 1
n
1
pi2
(
1
2pia2
∂
∂ cos γ
)(n+1)/2 ∞∑
k=−∞
(−1)k
×
∫ ∞
χ
dy
y
(cosh y − coshχ)1/2
∫ pi
γ
dφ (cos γ − cosφ)1/2 ∂
∂φ
1[
y2
n2
+ (φ+ 2pik)2
] .
(6.19)
The series can be computed by using the relation
∞∑
k=−∞
(−1)k[
y2
n2
+ (φ+ 2pik)2
] = n
2y
sinh
( y
2n
)
cos
(
φ
2
)
cosh2
( y
2n
)− cos2 (φ2) . (6.20)
Then straightforward integration leads to the Euclidean Green function in the form
G(χ, γ) =
1
4pi
(
1
2pia2
∂
∂ cos γ
)(n+1)/2
An , (6.21)
where
An =
∫ ∞
χ
dy
1√
cosh2
(y
2
)− cosh2 (χ2 ) sinh
( y
2n
) cosh ( y2n)√
cosh2
( y
2n
)− cos2 (γ2) − 1
 . (6.22)
Because there is always at least one derivative with respect to γ acting on An, for n ≥ 3
one can safely omit the −1 in the square brackets in the definition of An. Therefore, for
n ≥ 3 we get
An =
∫ ∞
χ
dy
1√
cosh y − coshχ
sinh
( y
n
)√
cosh
( y
n
)− cos γ . (6.23)
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Because the static Green functions in the Euclidean Bertotti-Robinson spacetime and
in the Euclidean Tangherlini spacetime coincide, one can use the relations (4.10),(4.12)
to get the static Green function on the even-dimensional Schwarzschild-Tangherlini space-
times,
G(x, x′) =
a
2pin
(
1
2pia2
∂
∂ cos γ
)(n+1)/2 ∫ 2pi
0
dσ An , (6.24)
where x = (ρ, θi), a = rg, and
cosh(χ) = ρρ′ −
√
ρ2 − 1
√
ρ′2 − 1 cosσ , ρ = 2 r
n
rng
− 1 . (6.25)
6.4 Example. D = 4
In four dimensions (n = 1) we obtain
A1 = ln
(
coshχ+ 1
coshχ− cos γ
)
, (6.26)
G(χ, γ) =
1
4pi
(
1
2pia2
∂
∂ cos γ
)
A1 =
1
8pi2a2
1
coshχ− cos γ . (6.27)
The static Green function is obtained by substitution of (5.5), and integration over σ:
G(x, x′) = 2a
∫ 2pi
0
dσG(χ, γ)
=
1
4pi2a
∫ 2pi
0
dσ
1
ρρ′ −
√
ρ2 − 1
√
ρ′2 − 1 cosσ − cos γ .
(6.28)
The integral can be taken explicitly and we obtain the closed form for the static Green
function
G(x, x′) =
1
2pia
1√
ρ2 + ρ′2 − 2ρρ′ cos γ − 1 + cos2 γ . (6.29)
In four dimensions the static Green function for the Schwarzschild black hole of mass
M is obtained then by substitutions
a = rg = 2M , ρ = 2
r
rg
− 1 = r
M
− 1 . (6.30)
In terms of the Schwarzschild coordinates it reads
G(x, x′) =
1
4pi
1√
(r −M)2 + (r′ −M)2 − 2(r −M)(r′ −M) cos γ −M2 sin2 γ
. (6.31)
This formula exactly reproduces the closed form of the well known result for the scalar
Green function in the four-dimensional Schwarzschild geometry [4, 9, 24].
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6.5 Example. D = 6
In six dimensions (n = 3) we obtain
A3 =
∫ ∞
χ
dy
1
(cosh y − coshχ)1/2
sinh
(y
3
)√
cosh
(y
3
)− cos (γ)
= 3
∫ ∞
cosh(χ/3)
dz
1√
4z3 − 3z − coshχ
1√
z − cos γ .
(6.32)
This integral can be expressed in terms of the elliptic function F
A3 =
6√
v(w − u)F
(
arcsin
√
w − u
w
,
w(v − u)
v(w − u)
)
, (6.33)
where
p = cosh(χ/3) , u = 3p− i
√
3p2 − 3 , v = 3p+ i
√
3p2 − 3 , w = 2(p− cos γ) . (6.34)
Note that A3 is real in spite of the complexity of the functions u and v. The Green function
on the Euclidean Bertotti-Robinson space reads
G(χ, γ) =
1
16pi3a4
(
∂
∂ cos γ
)2
A3 . (6.35)
Then the static Green function in the six-dimensional Schwarzschild-Tangherlini spacetime
is given by the integral
G(x, x′) =
1
24pi3a3
(
∂
∂ cos γ
)2 ∫ 2pi
0
dσ A3 , (6.36)
where a = rg.
It is problematic to obtain an answer for the Green functions in a closed form for
D ≥ 6. However a simple integral representation is possible in all dimensions what may be
good enough for some applications like computing of the self-force and self-energy of scalar
charges in the Schwarzschild-Tangherlini spacetime.
7 Discussion
In this paper we discuss properties of a field created by a static source placed in the
vicinity of a static higher-dimensional black hole. We focused on a static Green function
which allows one to find the field of a point charge. If the spacetime has D dimensions, such
a (D− 1)-dimensional static Green function can be obtained by the dimensional reduction
from a Green function in D dimensions. We demonstrated that there exists a group of
transformations of the original D dimensional metric, depending on a function of (D − 1)
variables, which preserves the form of a static (D − 1) dimensional field equation. This
transformation consists of a conformal transformation of the spatial part of the metric
accompanied by a properly chosen transformation of a red-shift factor (i.e. gtt component
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of the metric). These transformations change the D dimensional metric. In a general case,
after such a transformation, a solution of the Einstein equations is transformed to a metric
that does not satisfy the Einstein equations with any physically meaningful stress-energy
tensor. We call these transformations bi-conformal. We demonstrated that the metrics
describing higher-dimensional static black holes (Schwarzschild-Tangherlini metrics and
their electrically charged generalizations) possess a remarkable property: within a family of
metrics related to such black hole metrics by means of a bi-conformal transformation there
exist special metrics that have enhanced symmetry. Namely, the symmetry SO(D−1)×R1
of the original spacetime is enhanced up to SO(D− 1)×SO(1, 2). The spacetime with this
symmetry is a Bertotti-Robinson metric that is a direct sum of the metrics on a (D − 2)-
dimensional sphere and 2-dimensional AdS spacetime. We used the heat kernel method to
obtain a useful representation for the Green function in the higher-dimensional Bertotti-
Robinson spacetime and after its dimensional reduction we found the static Green function
in the original black hole metric. In four and five dimensions we obtained a closed form
for the static Green functions in terms of elementary and elliptic functions respectively.
The described method is quite general. We illustrated its application by considering a
minimally coupled scalar massless field from a static point charge located in the vicinity of
the higher-dimensional Schwarzschild-Tangherlini black hole. Generalizations to charged
black holes and to the case of an electric point charge, which are rather straightforward, will
be discussed elsewhere. Let us also mention that if one applies the static Green function
for the calculation of the self-energy and self-force for a point charge, one should first
regularize it and subtract local divergences. This procedure depends on the choice of the
background D-dimensional metric. As a result, renormalized self-energy and self-force in
two spacetimes connected by a bi-conformal transformation are not connected by simple
rescaling. This phenomenon, which is similar to well known conformal anomalies, is called
a bi-conformal anomaly or self-energy anomaly (see discussion in [15–17]). We are going
to return to this problem again in future works.
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A Useful properties of the elliptic functions
Calculating the static Green function (6.13) in the section 6.2 we have used the integrals
∫ pi/2
0
dx
1√
1−k2 sin2 x
arctan
(
1
α
√
1−k2 sin2 x
)
=
pi
2
F
(
arctan
(
1
α
√
1−k2
)
, k
)
, (A.1)
∫ pi/2
0
dx
1√
1− k2 sin2 x
= F
(
pi
2
, k
)
= K (k) . (A.2)
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The Green function (6.13) takes the form
G(x, x′) =
1
4pi2a2
(
∂
∂ cos γ
){
1
α cos γ
[F (φ, k) +K (k)]
}
, (A.3)
where
φ = arctan
(
1
α
√
1− k2
)
, (A.4)
α2 =
1
2 cos2 γ
(
ρρ′ −
√
ρ2 − 1
√
ρ′2 − 1 + 1− 2 cos2 γ
)
, (A.5)
k2 = − 2
√
ρ2 − 1
√
ρ′2 − 1
ρρ′ −
√
ρ2 − 1
√
ρ′2 − 1 + 1− 2 cos2 γ . (A.6)
One gets
sinφ =
1√
1 + α2(1− k2) = cos γ
√
2√
ρρ′ +
√
ρ2 − 1
√
ρ′2 − 1 + 1
. (A.7)
It is convenient to use the identity
F (φ, k) =
1
k′
F
(
ψ, i
k
k′
)
(A.8)
with
k′ =
√
1− k2 , sinψ = k′ sinφ√
1− k2 sin2 φ
, (A.9)
or, equivalently,
k′2 =
ρρ′ +
√
ρ2 − 1
√
ρ′2 − 1 + 1− 2 cos2 γ
ρρ′ −
√
ρ2 − 1
√
ρ′2 − 1 + 1− 2 cos2 γ , (A.10)
sinψ =
1√
1 + α2
= cos γ
√
2√
ρρ′ −
√
ρ2 − 1
√
ρ′2 − 1 + 1
. (A.11)
One can rewrite the static Green function as
G(x, x′) =
1
4pi2a2
(
∂
∂ cos γ
)
√
2√
ρρ′+
√
ρ2−1
√
ρ′2−1+1−2 cos2 γ
[F (ψ,κ) +K (κ)]
 .
Here
κ = i
k
k′
=
√
2
√
ρ2 − 1
√
ρ′2 − 1
ρρ′ +
√
ρ2 − 1
√
ρ′2 − 1 + 1− 2 cos2 γ , (A.12)
Eventually we obtain the static Green function
G(x, x′) =
1
4pi2a2
1
(ρ2 − 1)1/4(ρ′2 − 1)1/4
(
∂
∂ cos γ
)
{κ [F (ψ,κ) +K (κ)]} . (A.13)
In this representation 0 ≤ κ ≤ 1.
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